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NONCOMMUTATIVE SPECTRAL GEOMETRY OF
RIEMANNIAN FOLIATIONS: SOME RESULTS AND OPEN
PROBLEMS
YURI A. KORDYUKOV
Abstract. We review some applications of noncommutative geometry
to the study of transverse geometry of Riemannian foliations and discuss
open problems.
Introduction
The main subject of this paper is the Riemannian geometry of the leaf
space of a compact foliated manifold. Moreover, we will mostly consider the
simplest case of the leaf space of a Riemannian foliation. Our purpose is to
explain some basic ideas and results in noncommutative geometry and its
applications to the study of the leaf space of a foliation and present some
open problems in analysis and geometry on foliated manifolds motivated by
these investigations.
Applications of noncommutative geometry to the study of singular geo-
metrical objects such as the leaf space of a foliated manifold are based on
several fundamental ideas.
The first idea is to pass from geometric spaces to (analogues of) algebras
of functions on these spaces and translate basic concepts and constructions
to the algebraic language. This is well-known and has been used for a long
time, for instance, in algebraic geometry.
The second idea is that, in many important cases, it is natural to con-
sider analogues of algebras of functions on a singular geometric space to
be noncommutative algebras. In Section 2, we describe the construction of
noncommutative algebras associated with the leaf space of a foliation due to
Connes [14]. Actually, an arbitrary noncommutative algebra can be viewed
in many cases as an algebra of functions on some virtual geometric space or,
in other words, as a noncommutative space. For instance, a C∗-algebra is the
algebra of continuous functions on a virtual topological space, a von Neu-
mann algebra is the algebra of essentially bounded measurable functions on
a virtual measurable space and so on. Therefore, the theory of C∗-algebras
is a far-reaching generalization of the theory of topological spaces and is of-
ten called noncommutative topology. The theory of von Neumann algebras
is a generalization of the classical measure and integration theory and so
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on. Such a geometric point of view turns out to be very useful in operator
theory and is also well known.
So the correspondence between classical geometric spaces and commuta-
tive algebras is extended to the correspondence between singular geometric
spaces and noncommutative algebras, and we need to generalize basic con-
cepts and constructions on geometric spaces to the noncommutative setting.
It should be noted that, as a rule, such noncommutative generalizations are
quite nontrivial and have richer structure and essentially new features than
their commutative analogues.
The main purpose of noncommutative differential geometry, which was
initiated by Connes [15] and is actively developing at present time (cf. the
recent surveys [19, 20] and the books [17, 28, 41] in regard to different as-
pects of noncommutative geometry), is the extension of analysis, the analytic
objects on geometric spaces, to the noncommutative setting.
We will discuss only one aspect of this theory — namely, Riemann-
ian geometry of singular spaces. Here there is another idea suggested by
Connes: in order to develop Riemannian geometry, one can start with ab-
stract functional-analytic analogues of natural geometric operators on a sin-
gular space in question and try to reconstruct basic geometric information
from spectral data of these operators. This idea goes back to spectral ge-
ometry.
Usually, spectral geometry is considered as the investigation of a famous
question by Mark Kac: “Can one hear the shape of a drum?” If the answer is
negative (and now it is known that this is, in general, so), then the following
question is: “Which geometrical properties of a drum can one hear?” We
refer the reader, for instance, to [2, 3, 27, 11, 13] for some survey papers on
the spectral theory of the Laplace operator and spectral geometry.
Let (M,g) be a compact Riemannian manifold of dimension n, ∆g the
associated Laplace-Beltrami operator, 0 = λ0 < λ1 ≤ λ2 ≤ λ3 ≤ · · · , λj →
+∞, the set of the eigenvalues of ∆g (counted with multiplicities), {ϕj ∈
C∞(M) : j = 1, 2, . . .} a corresponding complete orthonormal system of
eigenfunctions in L2(M) such that ∆gϕj = λjϕj . Consider the eigenvalue
distribution function
N(λ) = ♯{j : λj ≤ λ}, λ ∈ R.
Recall the following well-known asymptotic formula forN(λ) called the Weyl
asymptotic formula:
N(λ) =
|Bn|
(2π)n
volM · λn/2 +O(λ(n−1)/2), λ→ +∞,
where |Bn| denotes the volume of a unit n-dimensional ball. This formula
shows that one can hear the dimension of M and the volume of M . One
can also consider the heat trace asymptotic expansion:
tr e−t∆g ∼ 1
tn/2
(a0 + a1t
1/2 + a2t+ . . .), t→ 0,
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where aj are integrals of polynomials of the curvature and its derivatives, or
the residues of the zeta-function ζ(z), which is defined by the formula
ζ(z) =
+∞∑
j=1
λ−zj , Re z >
n
2
,
and extends to a meromorphic function in the entire complex plane. These
formulas allow one to reconstruct some local differential-geometric invariants
from the spectral data of the Laplace operator.
Among other types of geometric invariants that can be reconstructed from
the spectral data of the Laplace operator ∆g, let us mention first the lengths
of closed geodesics. This can be done by considering the singularities of the
trace of the wave group eit
√
∆g . The Duistermaat-Guillemin trace formula
provides us with more invariants of the closed geodesics (for instance, so-
called wave invariants and the Birkhoff normal form of the Poincare´ map),
which can be reconstructed from the spectrum of ∆g.
To proceed further, we should extend the operator data we are starting
with. First, one can consider the signature operator d + d∗ on differential
forms or the Dirac operator on spinors and use the Hodge theory and the
index theory of elliptic operators. Second, one can take into considerations
the algebra of smooth functions on M considered as an algebra of bounded
operators in L2(M). This will lead us to local analogues of the facts men-
tioned above, say, to the local Weyl asymptotic formula and so on. Finally,
we will arrive at classical mechanical and quantum mechanical objects onM
and relations between these objects (problems of quantization and semiclas-
sical limits). Let us recall some basic information on classical and quantum
mechanics.
In classical mechanics, a point particle, moving on a compact manifoldM
(called the configuration space), is described by a point of the phase space,
which is the cotangent bundle T ∗M of M , and the evolution of the phase
space point is governed by Hamilton’s equations of motion. In quantum
mechanics, a point particle on a compact manifold M is described by a
function in L2(M) called the wave function or wave packet. The evolution
of the quantum particle is determined by the Schro¨dinger equation.
In classical mechanics, observables (that is, quantities that we can observe,
such as position, momentum and energy) are represented by real-valued
functions on the phase space. In quantum mechanics, they are represented
by self-adjoint (unbounded) operators in L2(M).
In particular, a Riemannian metric g considered as a function on T ∗M
is the Hamiltonian (the energy) of a free classical particle on the configura-
tion space M , and the associated Laplace operator ∆g is a Hamiltonian of
the free quantum particle on the configuration space M . Therefore, many
spectral quantities we will consider can be treated as quantum analogues
(quantization) of different classical objects, and many classical objects can
be treated as some classical limits. For instance, quantization of the algebra
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C∞(M) is the subalgebra in L(L2(M)) that consists of the corresponding
multiplication operators. Quantization of the cotangent bundle T ∗M is the
algebra of pseudodifferential operators on M .
We now extend these ideas to noncommutative algebras. We start with an
involutive algebra A, a noncommutative analogue of an algebra of (complex-
valued) functions on a singular geometric object X. First, we quantize the
algebraA, taking a ∗-representation ofA in a Hilbert spaceH. Then we need
an abstract analogue D of a first order elliptic pseudodifferential operator
on a compact manifold whose definition goes back to Atiyah and Kasparov.
The resulting object (A,H,D) is called a spectral triple or an unbounded
Fredholm module over A. It can be considered as a virtual (or noncom-
mutative) geometric space, where D plays the role of a Riemannian metric.
Starting from a spectral triple and using ideas from spectral geometry, index
theory and quantization mentioned above, one can define analogues of basic
geometric and analytic objects on the associated noncommutative geometric
space such as dimension, differential, differential forms, Riemannian volume
form, cotangent bundle, geodesic flow and so on. A spectral triple can be
associated to a compact Riemannian manifold. In this classical case, such
noncommutative generalizations are shown to be equivalent to their classical
counterparts.
In the case of the leaf space M/F of a foliated manifold (M,F), many
geometric and analytic objects on this singular space can be introduced
”naively”, at the level of sets and points, as the corresponding holonomy
invariant objects on the ambient manifold. For instance, a holonomy in-
variant Riemannian metric on the fibers of the normal bundle of F can be
considered as a substitute of a Riemannian metric on M/F . Such a met-
ric exists only if the foliation is Riemannian. One can associate a spectral
triple to any holonomy invariant metric on the fibers of the normal bundle
of a Riemannian foliation and, more generally, to any first order transver-
sally elliptic operator with holonomy invariant transverse principal symbol.
Noncommutative geometry provides a universal way to develop geometry
on M/F , starting from the spectral triples associated with this space. To
study such a geometry and investigate its relations with ”naive” geometry
of M/F (transverse geometry of F) seems to be a quite interesting and
important problem. Moreover, the language of noncommutative geometry
seems to be very natural and convenient in the study of many problems
of spectral theory and index theory for differential operators adapted to a
foliated structure on a manifold.
As mentioned above, we will only consider the simplest case of the leaf
space of a Riemannian foliation. Connes and Moscovici in [21] constructed a
spectral triple in a closely related situation of a compact manifold, equipped
with an arbitrary (not necessarily isometric) action of discrete (pseudo)group.
They used the so-called (transverse) mixed signature operator on the total
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space of the (transverse) frame bundle and transversally hypoelliptic opera-
tors. We don’t discuss this construction here, referring the interested reader
to [21] (see also [40] and references cited therein).
The development of noncommutative geometry of foliations raises many
interesting problems in analysis and geometry in foliated manifolds. One of
our main goals in this paper is to formulate some of these problems.
Let us describe the contents of the paper. In Section 1, we collect nec-
essary background information on classical pseudodifferential calculus. In
Section 2, we introduce the operator algebras associated with the leaf space
M/F of a compact foliated manifold (M,F) and with the cotangent bundle
to M/F .
In Section 3, we turn to the corresponding quantum objects associated
with the leaf spaceM/F . We describe an appropriate pseudodifferential cal-
culus — the classes Ψm,−∞(M,F , E) of transversal pseudodifferential oper-
ators on M , the corresponding symbolic calculus and their basic properties.
It should be noted that the algebra of symbols in the transversal pseudo-
differential calculus is a noncommutative algebra. Actually, it is a noncom-
mutative analogue of the algebra of functions on the cotangent bundle to
M/F , which is introduced in Section 2.
Section 4 is devoted to classical and quantum dynamical systems on the
leaf space M/F . We introduce Hamiltonian flows on the cotangent bundle
to M/F as one-parameter groups of automorphisms of the associated non-
commutative algebra and formulate the Egorov theorem for transversally
elliptic operators, which provides a relation between the quantum evolution
of transverse pseudodifferential operators and the corresponding Hamilton-
ian dynamics on the cotangent bundle to M/F — the classical evolution of
symbols.
In Section 5, we give the definition of a spectral triple and introduce
some geometric objects on the noncommutative space defined by a spectral
triple. We describe spectral triples associated with the transverse Riemann-
ian geometry of a Riemannian foliation and give a description of various
geometric and analytic objects determined by these spectral triples in terms
of the classical objects of the transverse geometry of foliations.
We will assume some basic knowledge of foliation theory, referring the
reader to our survey paper [40] for a summary of results and, for instance.
to the books [5, 6, 7, 26, 44, 45, 46, 47, 59] for different aspects of foliation
theory. We also refer the reader to [40] and the references cited therein for
more information on noncommutative geometry of foliations.
The author is grateful to N. Azamov and F. Sukochev for very useful
discussions on Dixmier traces and to the referee for very careful reading and
useful remarks.
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1. Preliminaries on pseudodifferential operators
Pseudodifferential operators are quantum mechanical observables for a
quantum point particle on a compact manifold. Therefore, they play an
important role in our considerations. For convenience of the reader, we
collect in this Section some necessary facts about pseudodifferential opera-
tors (for more information on pseudodifferential operators see, for instance,
[33, 58, 60, 55]).
1.1. Definition of classes. Let U be an open subset of RN .
Definition 1.1. A function k ∈ C∞(U × Rq,L(Cr)) belongs to the class
Sm(U × Rq,L(Cr)), if, for any multi-indices α ∈ Nq and β ∈ NN , there is a
constant Cαβ > 0 such that
‖∂αη ∂βxk(x, η)‖ ≤ Cαβ(1 + |η|)m−|α|, x ∈ U, η ∈ Rq.
Here we use notation |α| = α1 + α2 + . . . + αq for a multi-index α ∈ Nq,
and, for a Hilbert space V , L(V ) denotes the space of linear bounded maps
in V .
In the following, we will only consider classical symbols.
Definition 1.2. A function k ∈ C∞(U × Rq,L(Cr)) is called a classical
symbol of order z ∈ C, if it can be represented as an asymptotic sum
k(x, η) ∼
∞∑
j=0
θ(η)kz−j(x, η),
where kz−j ∈ C∞(U × (Rq\{0}),L(Cr)) are homogeneous in η of degree
z − j, that is,
kz−j(x, tη) = t
z−jkz−j(x, η), t > 0,
and θ is a smooth function in Rq such that θ(η) = 0 for |η| ≤ 1, θ(η) = 1
for |η| ≥ 2.
In this definition, the asymptotic equivalence ∼ means that, for any nat-
ural K,
k −
K∑
j=0
θkz−j ∈ SRe z−K−1(U × Rq,L(Cr)).
Consider the n-dimensional cube In = (0, 1)n. A classical symbol k ∈
Sm(In × Rn,L(Cr)) defines an operator A : C∞c (In,Cr)→ C∞(In,Cr) as
(1) Au(x) = (2π)−n
∫
ei(x−x
′)ηk(x, η)u(x′) dx′ dη,
where u ∈ C∞c (In,Cr), x ∈ In. Denote by Ψm(In,Cr) the class of operators
of the form (1) with k ∈ Sm(In × Rn,L(Cr)) such that its Schwartz kernel
is compactly supported in In × In.
Now letM be a compact n-dimensional manifold and E a complex vector
bundle of rank r on M . Consider two coordinate charts on M , φ : U →
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In and φ′ : U ′ → In, endowed with trivializations of E. An operator
A ∈ Ψm(In,Cr) determines an operator A′ : C∞c (U, E|U ) → C∞c (U ′, E|U ′),
which can be extended in a trivial way to an operator in C∞(M,E). The
operator obtained in such a way will be called an elementary operator of
class Ψm(M,E).
Denote by Ψ−∞(M,E) the class of smoothing operators in C∞(M,E),
i.e., operators with a smooth Schwartz kernel.
Definition 1.3. The class Ψm(M,E) consists of operators A, acting in
C∞(M,E), which can be represented in the form
A =
k∑
i=1
Ai +K,
where Ai are elementary operators of class Ψ
m(M,E), corresponding to
pairs Ui, U
′
i of coordinate charts, and K ∈ Ψ−∞(M,E).
This definition is equivalent to usual definitions of pseudodifferential op-
erators, but it is more convenient for our purposes. To see this equiva-
lence, take any finite cover of M by coordinate charts, M = ∪di=1Ui. Let
φi ∈ C∞(M), i = 1, . . . , d be a partition of unity subordinate to this cover,
suppφi ⊂ Ui, and let ψi ∈ C∞(M) be such that suppψi ⊂ Ui and ψi ≡ 1 on
suppφi. Then an operator A ∈ Ψm(M,E) is written as
A =
d∑
i=1
ψiAφi +K, K ∈ Ψ−∞(M,E),
and, for any i, ψiAφi is an elementary operator of class Ψ
m(M,E), corre-
sponding to the pair Ui, Ui of coordinate charts.
A similar definition was used by A. Connes in [14] (see also [46]) to intro-
duce the classes of leafwise pseudodifferential operators on a foliated mani-
fold.
1.2. Symbolic calculus. The principal symbol σA of an elementary opera-
tor A ∈ Ψm(In,Cr) of the form (1) is defined to be a smooth matrix-valued
function σA on I
n × (Rn\{0}) given by
(2) σA(x, η) = km(x, η), (x, η) ∈ In × (Rn\{0}),
where km is the homogeneous of degree m component of k.
Now letM be a compact n-dimensional manifold and E a complex vector
bundle on M . Denote by π∗E the lift of E to the punctured cotangent
bundle T˜ ∗M = T ∗M \ 0 under the bundle map π : T˜ ∗M →M .
The space of all s ∈ C∞(T˜ ∗M,L(π∗E)), homogeneous of degree m with
respect to the R+-multiplication in the fibers of the bundle π : T˜
∗M →M ,
is denoted by Sm(T˜ ∗M,L(π∗E)). The linear space
S∗(T˜ ∗M,L(π∗E)) =
⋃
m∈Z
Sm(T˜ ∗M,L(π∗E))
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has the structure of an involutive algebra given by the pointwise multiplica-
tion and the pointwise transposition.
For an operator A ∈ Ψm(M,E), the functions defined by (2) in any
coordinate chart determine a well-defined element σA of S
m(T˜ ∗M,L(π∗E))
— the principal symbol of A.
Proposition 1.4. The space
Ψ∗(M,E) =
⋃
m∈Z
Ψm(M,E)
has the structure of an involutive algebra given by the composition and trans-
position of operators. The principal symbol map
σ : Ψ∗(M,E)→ S∗(T˜ ∗M,L(π∗E))
is a ∗-homomorphism of involutive algebras. In other words:
(1) If A ∈ Ψm1(M,E) and B ∈ Ψm2(M,E), then C = AB belongs to
Ψm1+m2(M,E) and σAB = σAσB.
(2) If A ∈ Ψm(M,E), then A∗ ∈ Ψm(M,E) and σA∗ = (σA)∗.
Any A ∈ Ψ0(M,E) defines a bounded operator in the Hilbert space
L2(M,E). If A ∈ Ψm(M,E) for some m < 0, then A is a compact op-
erator in L2(M,E). Denote by Ψ¯0(M,E) the closure of Ψ0(M,E) in the
uniform topology of L(L2(M,E)).
Observe that the algebra S0(T˜ ∗M,L(π∗E)) is naturally isomorphic to
C∞(S∗M,L(π∗E)) and its closure in the uniform topology is isomorphic to
C(S∗M,L(π∗E)).
Proposition 1.5. (1) The principal symbol map σ extends by continuity to
a surjective homomorphism
σ¯ : Ψ¯0(M,E)→ C(S∗M,L(π∗E)).
(2) The ideal Ker σ¯ coincides with the ideal K(L2(M,E)) of compact op-
erators in L2(M,E).
By Proposition 1.5, we have a short exact sequence
0 −→ K(L2(M,E)) −→ Ψ¯0(M,E) −→ C(S∗M,L(π∗E)) −→ 0,
which describes the structure of the C∗-algebra Ψ¯0(M,E) and provides a
description of the cosphere bundle from the operator data
(3) C(S∗M,L(π∗E)) ∼= Ψ¯0(M,E)/K(L2(M,E)).
1.3. The residue trace and zeta-functions. Let M be a compact man-
ifold, E a vector bundle on M and P ∈ Ψ∗(M,E). The residue trace τ(P )
introduced by Wodzicki [62] and Guillemin [31] is defined as follows. First,
the residue form ρP of P is defined in local coordinates as
ρP =
(∫
|ξ|=1
Tr p−n(x, ξ) dξ
)
|dx|,
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where p−n(x, ξ) is the homogeneous of degree −n (n = dimM) in ξ compo-
nent of the complete symbol of P . The density ρP turns out to be indepen-
dent of the choice of a local coordinate system and, therefore, determines a
well-defined density on M . The integral of ρP over M is, by definition, the
residue trace τ(P ) of P :
(4) τ(P ) = (2π)−n
∫
M
ρP = (2π)
−n
∫
S∗M
Tr p−n(x, ξ) dxdξ.
Wodzicki [62] showed that τ is a unique trace on the algebra Ψ∗(M,E).
Recall that an operator A ∈ Ψm(M,E) is elliptic, if its principal symbol
σA(x, ξ) is invertible for any (x, ξ) ∈ T˜ ∗M . Examples of elliptic operators
are given by the signature operator D = d + d∗ and the Laplace operator
∆ = D2 = dd∗+d∗d on differential forms on a compact Riemannian manifold
and by the Dirac operator on a compact Riemannian spin manifold.
Theorem 1.6. Let A ∈ Ψm(M,E) be a positive self-adjoint elliptic operator
with the positive definite principal symbol. For any Q ∈ Ψl(M,E), l ∈ Z, the
function z 7→ tr(QA−z) is holomorphic for Re z > (l + n)/m and admits a
(unique) meromorphic extension to C with at most simple poles at zk = k/m
with integer k ≤ l + n. Its residue at the point z = zk equals
res
z=zk
tr(QA−z) = nτ(QA−k/m).
As a consequence, we get the Weyl asymptotic formula for the eigenvalue
distribution function N(λ) of a self-adjoint elliptic operator A ∈ Ψm(M)
with the positive principal symbol σA. Let λ1 ≤ λ2 ≤ . . . , λm → +∞
be the eigenvalues of A (counted with multiplicities) and let φj ∈ C∞(M)
be a corresponding orthonormal system of eigenfunctions such that Aφj =
λjφj , j = 1, 2, . . .. As λ→ +∞, one has
(5) N(λ) = ♯{j : λj ≤ λ}
= (2π)−nλn/mvol {(x, ξ) ∈ T ∗M : σA(x, ξ) ≤ 1}+O(λ(n−1)/m).
More generally, we have the local Weyl asymptotic formula, which asserts
that, for any Q ∈ Ψl(M), l ∈ Z, one has as λ→ +∞∑
j:λj≤λ
(Qφj , φj)
= (2π)−nλ(l+n)/m
∫
{(x,ξ)∈T ∗M :σA(x,ξ)≤1}
σQ(x, ξ) dx dξ +O(λ
(l+n−1)/m).
1.4. Egorov’s theorem. Recall that a classical dynamical system on a
compact manifold M (the configuration space) is given by a Hamiltonian
flow ft on the cotangent bundle T
∗M (the phase space) associated with a
classical Hamiltonian H ∈ C∞(T ∗M). A quantum dynamical system on
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M is given by a one-parameter group of ∗-automorphisms of the algebra
L(L2(M)):
A ∈ L(L2(M)) 7→ A(t) = eitPAe−itP ∈ L(L2(M)),
associated with a quantum Hamiltonian P , which is a self-adjoint (un-
bounded) linear operator in L2(M). If P ∈ Ψ1(M) is a positive self-adjoint
operator and p is its principal symbol, then the Hamiltonian flow ft on
T ∗M associated with p is called the bicharacteristic flow of P . In the case
P =
√
∆g ∈ Ψ1(M), where ∆g is the Laplacian of a Riemannian metric g
on M , the bicharacteristic flow of P is the geodesic flow on T ∗M associated
with g.
The Egorov theorem [23] relates the quantum evolution of pseudodiffer-
ential operators with the classical dynamics of principal symbols.
Theorem 1.7. Let M be a compact manifold, E a vector bundle on M and
P ∈ Ψ1(M,E) a positive self-adjoint pseudodifferential operator with the
positive principal symbol p.
(1) If A ∈ Ψ0(M,E), then A(t) = eitPAe−itP ∈ Ψ0(M,E).
(2) Moreover, if E is the trivial line bundle and a ∈ S0(T˜ ∗M) is the
principal symbol of A, then the principal symbol at ∈ S0(T˜ ∗M) of A(t) is
given by
at(x, ξ) = a(ft(x, ξ)), (x, ξ) ∈ T˜ ∗M,
where ft is the bicharacteristic flow of P .
What we have described above is a so-called homogeneous quantization.
Its non-homogeneous version, which is associated with T ∗M rather than
with S∗M , involves Planck’s constant ~, ~-dependent pseudodifferential op-
erators and semiclassical analysis. The corresponding semiclassical version
of Egorov’s theorem is proved in [52].
2. Some noncommutative spaces associated with the leaf space
In this Section, we will briefly describe the noncommutative algebras as-
sociated with the leaf space of a foliation. For a more detailed information
on various concepts and facts of noncommutative geometry of foliations, we
refer the reader to a survey [40] and the bibliography cited therein.
First, we define a “nice” algebra, consisting of functions, on which all ba-
sic operations of analysis are defined. Depending on a problem in question,
one can complete this algebra and obtain a noncommutative analogue of an
appropriate function algebra, for instance, a von Neumann algebra, an ana-
logue of the algebra of measurable functions, or a C∗-algebra, an analogue of
the algebra of continuous functions, or a smooth algebra, an analogue of the
algebra of smooth functions. The role of a “nice” algebra is played by the
algebra C∞c (G) of smooth compactly supported functions on the holonomy
groupoid G of the foliation. Therefore, we start with the notion of holonomy
groupoid of a foliation.
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2.1. The holonomy groupoid of a foliation. First, recall the general
definition of a groupoid.
Definition 2.1. We say that a set G has the structure of a groupoid with
the set of units G(0), if there are defined maps
• ∆ : G(0) → G (the diagonal map or the unit map);
• an involution i : G → G called the inversion and written as i(γ) =
γ−1;
• a range map r : G→ G(0) and a source map s : G→ G(0);
• an associative multiplication m : (γ, γ′)→ γγ′ defined on the set
G(2) = {(γ, γ′) ∈ G×G : r(γ′) = s(γ)},
satisfying the conditions
• r(∆(x)) = s(∆(x)) = x and γ∆(s(γ)) = γ, ∆(r(γ))γ = γ;
• r(γ−1) = s(γ) and γγ−1 = ∆(r(γ)).
Alternatively, one can define a groupoid as a small category, where each
morphism is an isomorphism.
It is convenient to think of an element γ ∈ G as an arrow γ : x→ y, going
from x = s(γ) to y = r(γ).
We will use the standard notation (for x, y ∈ G(0)):
• Gx = {γ ∈ G : r(γ) = x} = r−1(x),
• Gx = {γ ∈ G : s(γ) = x} = s−1(x),
• Gyx = {γ ∈ G : s(γ) = x, r(γ) = y}.
The holonomy groupoid G of a foliated manifold (M,F) is defined in the
following way. Let ∼h be an equivalence relation on the set of continuous
leafwise paths γ : [0, 1] → M , setting γ1 ∼h γ2, if γ1 and γ2 have the
same initial and final points and the same holonomy maps: hγ1 = hγ2 .
The holonomy groupoid G is the set of ∼h-equivalence classes of leafwise
paths. The set of units G(0) is the manifold M . The multiplication in G is
given by the product of paths. The corresponding source and range maps
s, r : G → M are given by s(γ) = γ(0) and r(γ) = γ(1). Finally, the
diagonal map ∆ : M → G takes any x ∈ M to the element in G given
by the constant path γ(t) = x, t ∈ [0, 1]. To simplify the notation, we will
identify x ∈M with ∆(x) ∈ G.
For any x ∈M the map s maps Gx on the leaf Lx through x. The group
Gxx coincides with the holonomy group of Lx. The map s : G
x → Lx is the
covering map associated with the group Gxx, called the holonomy covering.
The holonomy groupoid G has the structure of a smooth (in general,
non-Hausdorff and non-paracompact) manifold of dimension 2p + q. In the
following, we will always assume that G is a Hausdorff manifold.
There is a foliation G of dimension 2p on the holonomy groupoid G. The
leaf of G through γ ∈ G consists of all γ′ ∈ G such that r(γ) and r(γ′) lie
on the same leaf of F .
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2.2. The noncommutative leaf space of a foliation. Here we give the
intrinsic definition of the operator algebra associated with a foliated man-
ifold, which uses no additional choices. It will use the language of half-
densities. Indeed, we will usually consider operators, acting on half-densities,
because their use makes our considerations more natural and simple.
We recall some basic facts concerning densities and integration of densities
(cf., for instance, [8, 29]).
Definition 2.2. Let L be an n-dimensional linear space and B(L) the set
of bases in L. An α-density on L (α ∈ R) is a function ρ : B(L) → C such
that, for any A = (Aij) ∈ GL(n,C) and e = (e1, e2, . . . , en) ∈ B(L),
ρ(e · A) = |detA|αρ(e),
where (e · A)i =
∑n
j=1 ejAji, i = 1, 2, . . . , n.
We will denote by |L|α the space of all α-densities on L. For any vector
bundle V on M , denote by |V |α the associated bundle of α-densities, |V | =
|V |1.
For any smooth, compactly supported density ρ on a smooth manifold
M there is a well-defined integral
∫
M ρ, independent of the fact if M is ori-
entable or not. This fact allows to define a Hilbert space L2(M), canonically
associated with M , which consists of square integrable half-densities on M .
The diffeomorphism group of M acts on L2(M) by unitary transformations.
Let (M,F) be a compact foliated manifold. Consider the vector bundle
of leafwise half-densities |TF|1/2 on M . Pull back |TF|1/2 to the vector
bundles s∗(|TF|1/2) and r∗(|TF|1/2) on the holonomy groupoid G, using
the source map s and the range map r. Define a vector bundle |TG|1/2 on
G as
|TG|1/2 = r∗(|TF|1/2)⊗ s∗(|TF|1/2).
The bundle |TG|1/2 is naturally identified with the bundle of leafwise half-
densities on the foliated manifold (G,G).
The structure of an involutive algebra on C∞c (G, |TG|1/2) is defined as
(6)
σ1 ∗ σ2(γ) =
∫
γ1γ2=γ
σ1(γ1)σ2(γ2), γ ∈ G,
σ∗(γ) = σ(γ−1), γ ∈ G,
where σ, σ1, σ2 ∈ C∞c (G, |TG|1/2). The formula for σ1 ∗ σ2 should be inter-
preted in the following way. If we write γ : x→ y, γ1 : z → y and γ2 : x→ z,
then
σ1(γ1)σ2(γ2) ∈|TyF|1/2 ⊗ |TzF|1/2 ⊗ |TzF|1/2 ⊗ |TxF|1/2
∼= |TyF|1/2 ⊗ |TzF|1 ⊗ |TxF|1/2,
and, integrating the |TzF|1-component σ1(γ1)σ2(γ2) with respect to z ∈M ,
we get a well-defined section of the bundle r∗(|TF|1/2) ⊗ s∗(|TF|1/2) =
|TG|1/2.
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As mentioned above, the algebra C∞c (G, |TG|1/2) plays a role of noncom-
mutative analogue of algebra of functions on the leaf space M/F . As we
will explain later, this algebra consists of smooth functions on the leaf space
M/F in the sense of noncommutative geometry.
We will also need an analogue of a vector bundle on the leaf space M/F
given by a holonomy equivariant vector bundle on M . The corresponding
noncommutative analogue of a vector bundle on M/F is given by an appro-
priate bimodule over C∞c (G, |TG|1/2), but we don’t need this notion here.
Definition 2.3. A vector bundle E on a foliated manifold (M,F) is called
holonomy equivariant, if there is given a representation T of the holo-
nomy groupoid G of the foliation F in the fibers of E, that is, for any
γ ∈ G, γ : x → y, there is defined a linear operator T (γ) : Ex → Ey such
that T (γ1γ2) = T (γ1)T (γ2) for any γ1, γ2 ∈ G with r(γ2) = s(γ1).
A Hermitian vector bundle E on a foliated manifold (M,F) is called
holonomy equivariant, if it is a holonomy equivariant vector bundle and the
representation T is unitary: T (γ−1) = T (γ)∗ for any γ ∈ G.
Let E be a holonomy equivariant Hermitian vector bundle on a compact
foliated manifold (M,F). Any σ ∈ C∞c (G, |TG|1/2) defines a bounded oper-
ator RE(σ) in the space C
∞(M,E ⊗ |TM |1/2) of smooth half-densities on
M with values in E. For any u ∈ C∞(M,E⊗|TM |1/2), the element RE(σ)u
of C∞(M,E ⊗ |TM |1/2) is given by
RE(σ)u(x) =
∫
Gx
σ(γ)(T ⊗ dh∗)(γ)s∗u(γ), x ∈M,
where dh∗ : s∗(|TM/TF|1/2) → r∗(|TM/TF|1/2) is induced by the linear
holonomy map.
This formula should be interpreted as follows. First, note that |TM |1/2 ∼=
|TF|1/2 ⊗ |TM/TF|1/2. We have
s∗u ∈ C∞c (G, s∗(E ⊗ |TM |1/2))
and, hence,
σ(T ⊗ dh∗) · s∗u ∈ C∞c (G, r∗E⊗ r∗(|TF|1/2)⊗ r∗(|TM/TF|1/2)⊗ s∗(|TF|)).
The integration of the component in s∗(|TF|) over Gx, i.e. with a fixed
r(γ) = x ∈ M , gives a well-defined section RE(σ)u of E ⊗ |TM |1/2 on M .
The correspondence σ 7→ RE(σ) defines a representation RE of the algebra
C∞c (G, |TG|1/2) in C∞(M,E ⊗ |TM |1/2).
2.3. The noncommutative cotangent bundle to the leaf space. Like
in classical theory, the cotangent bundle to the leaf space of a foliation and
its quantization will play a very important role in our considerations. In
this section, we describe the corresponding noncommutative object. To do
this, we will follow the construction of the cotangent bundle T ∗B to the
base B from the cotangent bundle T ∗M to the total space M for a fibration
M → B (as explained in [39], this construction can be considered as a
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particular case of the foliation reduction in symplectic geometry) and, when
it will be necessary, switch to noncommutative algebras.
Assume that the foliation F is Riemannian. Let N∗F = {ν ∈ T ∗M :
〈ν,X〉 = 0 for any X ∈ TF} denote the conormal bundle to F . If (x, y) ∈
Ip× Iq denotes the local coordinates in a foliated chart φ : U → Ip× Iq and
(x, y, ξ, η) ∈ Ip × Iq × Rp × Rq the local coordinates in the corresponding
chart on T ∗M , then the subset N∗F ∩ π−1(U) = U1 (here π : T ∗M →M is
the bundle map) is given by ξ = 0.
There is the natural lift of F to a foliation FN on N∗F called the horizon-
tal (or linearized) foliation. The coordinate chart φn : N
∗F → Ip × Iq ×Rq
determined by a foliated coordinate chart φ on M is a foliated chart for FN
with plaques given by the level sets y = const, η = const.
The leaf L˜ν of FN through a point ν ∈ N∗F consists of all points of the
form dh∗γ(ν) with γ ∈ G such that r(γ) = π(ν). It is diffeomorphic to the
holonomy covering Gx of the leaf Lx, x = π(ν) of F through x. Each leaf of
the linearized foliation FN has trivial holonomy.
The leaf space N∗F/FN of the foliation FN can be considered as the
cotangent bundle to the leaf space M/F . This holds in the case when the
foliation is given by a fibration, but, in general, the leaf space is singular,
and we will consider the associated operator algebras.
The holonomy groupoid GFN of the foliation FN is described as follows:
GFN = {(γ, ν) ∈ G×N∗F : r(γ) = π(ν)}
with the source map sN : GFN → N∗F , sN (γ, ν) = dh∗γ(ν), the range map
rN : GFN → N∗F , rN (γ, ν) = ν and the composition (γ, ν)(γ′, ν ′) = (γγ′, ν)
defined in the case when ν ′ = dh∗γ(ν). The projection π : N
∗F →M induces
a map πG : GFN → G by the formula πG(γ, ν) = γ, (γ, ν) ∈ GFN . Denote
by GN the natural foliation on GFN .
Taking into account the fact that N˜∗F is noncompact, we introduce the
space C∞prop(GFN , |TGN |1/2), which consists of all properly supported ele-
ments k ∈ C∞(GFN , |TGN |1/2) (this means that the restriction of r : GFN →
N˜∗F to supp k is a proper map). Then one can introduce the structure of
involutive algebra on C∞prop(GFN , |TGN |1/2), using the formulas (6).
The algebra C∞prop(GFN , |TGN |1/2) plays a role of a noncommutative ana-
logue of algebra of functions on the cotangent bundle to the leaf spaceM/F .
3. Transverse pseudodifferential calculus
Now we turn to the quantum objects associated with the leaf space of a
compact foliated manifold (M,F). We need an appropriate pseudodifferen-
tial calculus, the classes Ψm,−∞(M,F , E) of transversal pseudodifferential
operators, which was developed in [37]. In this section, we recall the defi-
nition of classes Ψm,−∞(M,F , E) and their basic properties. These classes
can be considered as a slight generalization of the algebra of Fourier integral
operators associated to a coisotropic submanifold of a symplectic manifold
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[30] in the particular case when the symplectic manifold is T ∗M and the
coisotropic submanifold is the conormal bundle N∗F to F .
3.1. Definition of classes. Consider the n-dimensional cube In = Ip × Iq
equipped with a trivial foliation, whose leaves are Ip × {y}, y ∈ Iq. The
coordinates in In will be denoted by (x, y), x ∈ Ip, y ∈ Iq, and the dual
coordinates by (ξ, η), ξ ∈ Rp, η ∈ Rq.
A classical symbol k ∈ Sm(Ip × Ip × Iq × Rq,L(Cr)) defines an operator
A : C∞c (I
n,Cr)→ C∞(In,Cr)
as
(7) Au(x, y) = (2π)−q
∫
ei(y−y
′)ηk(x, x′, y, η)u(x′, y′) dx′ dy′ dη,
where u ∈ C∞c (In,Cr), x ∈ Ip, y ∈ Iq. Denote by Ψm,−∞(In, Ip,Cr) the
class of operators of the form (7) with k ∈ Sm(Ip×Ip×Iq×Rq,L(Cr)) such
that its Schwartz kernel is compactly supported in In × In.
Let (M,F) be a compact foliated manifold, dimM = n, dimF = p,
p + q = n, and let E be a vector bundle of rank r on M . Let φ : U →
Ip × Iq, φ′ : U ′ → Ip × Iq be two foliated charts, π = prnq ◦ φ : U → Rq,
π′ = prnq ◦φ′ : U ′ → Rq the corresponding distinguished maps. The foliated
charts φ, φ′ are called compatible, if, for any m ∈ U and m′ ∈ U ′ with
π(m) = π′(m′), there is a leafwise path γ from m to m′ such that the
corresponding holonomy map hγ takes the germ πm of π at m to the germ
π′m′ of π
′ at m′.
If φ : U ⊂ M → Ip × Iq, φ′ : U ′ ⊂ M → Ip × Iq are compatible foli-
ated charts on M endowed with trivializations of E, then an operator A ∈
Ψm,−∞(In, Ip,Cr) defines an operator A′ : C∞c (U, E|U) → C∞c (U ′, E|U ′),
which can be extended in a trivial way to an operator in C∞(M,E). The
operator obtained in such a way will be called an elementary operator of
class Ψm,−∞(M,F , E).
Definition 3.1. The class Ψm,−∞(M,F , E) consists of operators A, acting
in C∞(M,E), which can be represented in the form
A =
k∑
i=1
Ai +K,
where Ai are elementary operators of class Ψ
m,−∞(M,F , E), corresponding
to pairs φi, φ
′
i of compatible foliated charts, and K ∈ Ψ−∞(M,E).
3.2. Symbolic calculus. The principal symbol σA of an elementary oper-
ator A ∈ Ψm,−∞(In, Ip,Cr) given by (7) is defined to be the matrix-valued
half-density σA on I
p × Ip × Iq × (Rq\{0}) given by
(8) σA(x, x
′, y, η) = km(x, x
′, y, η)|dx dx′|1/2,
(x, x′, y, η) ∈ Ip × Ip × Iq × (Rq\{0}),
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where km is the homogeneous of degree m component of k.
Let (M,F) be a compact foliated manifold and let E be a Hermitian
vector bundle onM . Denote by π∗E the lift of E to the punctured conormal
bundle N˜∗F = N∗F \ 0 under the map π : N˜∗F → M . Denote by L(π∗E)
the vector bundle on GFN , whose fiber at a point (γ, ν) ∈ GFN consists of
all linear maps from (π∗E)sN (γ,ν) to (π
∗E)rN (γ,ν), where, for any ν ∈ N˜∗F ,
(π∗E)ν denotes the fiber of π
∗E at ν. One can introduce the structure
of involutive algebra on the space C∞prop(GFN ,L(π∗E) ⊗ |TGN |1/2) of all
properly supported sections of the vector bundle L(π∗E)⊗|TGN |1/2 on GFN
by formulas similar to (6).
The space of all sections s ∈ C∞prop(GFN ,L(π∗E) ⊗ |TGN |1/2), homoge-
neous of degree m with respect to the R+-multiplication in the fibers of the
bundle π : N˜∗F → M , is denoted by Sm(GFN ,L(π∗E) ⊗ |TGN |1/2). The
space
S∗(GFN ,L(π∗E)⊗ |TGN |1/2) =
⋃
m∈Z
Sm(GFN ,L(π∗E)⊗ |TGN |1/2)
is a subalgebra of C∞prop(GFN ,L(π∗E)⊗ |TGN |1/2).
Let φ : U ⊂ M → Ip × Iq, φ′ : U ′ ⊂ M → Ip × Iq be two compatible
foliated charts on M endowed with trivializations of E. Then the corre-
sponding coordinate charts φn : U1 ⊂ N∗F → Ip × Iq × Rq, φ′n : U ′1 ⊂
N∗F → Ip× Iq×Rq are compatible foliated charts on the foliated manifold
(N∗F ,FN ) endowed with obvious trivializations of π∗E. Thus, there is a
foliated chart ΓN : W (φn, φ
′
n) ⊂ GFN → Ip × Ip × Iq × Rq on the foliated
manifold (GFN ,GN ).
For A ∈ Ψm,−∞(M,F , E), the half-densities defined by (8) in any foliated
chartW (φn, φ
′
n) determine a well-defined element σA of S
m(GFN ,L(π∗E)⊗
|TGN |1/2) — the principal symbol of A.
Proposition 3.2. The space
Ψ∗,−∞(M,F , E) =
⋃
m∈Z
Ψm,−∞(M,F , E)
has the structure of an involutive algebra given by the composition and trans-
position of operators. The principal symbol map
σ : Ψ∗,−∞(M,F , E)→ S∗(GFN ,L(π∗E)⊗ |TGN |1/2)
is a ∗-homomorphism of involutive algebras.
Recall that the principal symbol of a pseudodifferential operator P acting
in C∞(M,E) is a well-defined section of the bundle L(π∗E) on T˜ ∗M , where
π : T ∗M →M is the natural projection.
Definition 3.3. The transversal principal symbol σP of an operator P ∈
Ψm(M,E) is the restriction of its principal symbol pm to N˜
∗F .
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Proposition 3.4. If A ∈ Ψµ(M,E) and B ∈ Ψm,−∞(M,F , E), then AB
and BA belong to Ψµ+m,−∞(M,F , E) and
σAB(γ, ν) = σA(ν)σB(γ, ν), (γ, ν) ∈ GFN ,
σBA(γ, ν) = σB(γ, ν)σA(dh
∗
γ(ν)), (γ, ν) ∈ GFN .
Suppose that E is holonomy equivariant, that is, there is an action T (γ) :
Ex → Ey, γ ∈ G, γ : x → y of the holonomy groupoid G in the fibers of
E. Then the bundle L(π∗E) on N∗F is holonomy equivariant with the
corresponding action adT of the holonomy groupoid GFN in the fibers of
L(π∗E).
Definition 3.5. The transversal principal symbol σP of an operator P ∈
Ψm(M,E) is holonomy invariant, if, for any leafwise path γ from x to y and
for any ν ∈ N∗yF , the following identity holds:
adT (γ, ν)[σP (dh
∗
γ(ν))] = σP (ν).
The assumption of the existence of a positive order pseudodifferential op-
erator with a holonomy invariant transversal principal symbol on a foliated
manifold imposes sufficiently strong restrictions on geometry of the foliation.
An example of an operator with a holonomy invariant transverse principal
symbol is given by the transverse signature operator on a Riemannian foli-
ation.
There is a canonical embedding
i : C∞prop(GFN , |TGN |1/2) →֒ C∞prop(GFN ,L(π∗E)⊗ |TGN |1/2),
which takes any k ∈ C∞prop(GFN , |TGN |1/2) to i(k) = kπ∗T . We will iden-
tify C∞prop(GFN , |TGN |1/2) with its image in C∞prop(GFN ,L(π∗E)⊗ |TGN |1/2)
under the map i.
Definition 3.6. An operator P ∈ Ψm,−∞(M,F , E) is said to have a scalar
principal symbol, if its principal symbol belongs to C∞prop(GFN , |TGN |1/2).
Denote by Ψm,−∞sc (M,F , E) the set of all operators K ∈ Ψm,−∞(M,F , E)
with a scalar principal symbol. Observe that, for any k ∈ C∞c (G, |TG|1/2),
the operator RE(k) belongs to Ψ
0,−∞
sc (M,F , E), and
σ(RE(k)) = π
∗
Gk ∈ C∞prop(GFN , |TGN |1/2).
Proposition 3.7. Let (M,F) be a compact foliated manifold and E a
holonomy equivariant vector bundle. If A ∈ Ψm,−∞sc (M,F , E), and P ∈
Ψµ(M,E) has a holonomy invariant transversal principal symbol, then [A,P ]
is in Ψm+µ−1,−∞(M,F).
Any A ∈ Ψ0,−∞(M,F , E) defines a bounded operator in the Hilbert space
L2(M,E). Denote by Ψ¯0,−∞(M,F , E) the closure of Ψ0,−∞(M,F , E) in the
uniform topology of L(L2(M,E)).
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For any ν ∈ N˜∗F , there is a natural ∗-representation Rν of the al-
gebra S0(GFN ,L(π∗E) ⊗ |TGN |1/2) in L2(GνFN , s∗N (π∗E)). Thus, for any
k ∈ S0(GFN ,L(π∗E)⊗ |TGN |1/2), the continuous operator family
{Rν(k) ∈ L(L2(GνFN , s∗N (π∗E))) : ν ∈ N˜∗F}
defines a bounded operator in L2(GFN , s
∗
N (π
∗E)). We will identify k with
the corresponding bounded operator in L2(GFN , s
∗
N (π
∗E)) and denote by
S¯0(GFN ,L(π∗E)⊗ |TGN |1/2) the closure of S0(GFN ,L(π∗E)⊗ |TGN |1/2) in
the uniform topology of L(L2(GFN , s∗N (π∗E))).
Proposition 3.8 ([39]). (1) The symbol map
σ : Ψ0,−∞(M,F , E)→ S0(GFN ,L(π∗E)⊗ |TGN |1/2)
extends by continuity to a homomorphism
σ¯ : Ψ¯0,−∞(M,F , E) → S¯0(GFN ,L(π∗E)⊗ |TGN |1/2).
(2) The ideal Ker σ¯ contains the ideal of compact operators in L2(M,E).
We have much less information on the principal symbol map in transverse
pseudodifferential calculus. For instance, answers to the following questions
are unknown.
Question 3.9. Is the principal symbol map σ¯ surjective?
Question 3.10. Under which conditions is the principal symbol map σ¯
injective?
Let us make some comments. Recall that the representation RE deter-
mines an inclusion
C∞c (G, |TG|1/2) −→ Ψ0,−∞sc (M,F , E)
and the restriction of σ to C∞c (G, |TG|1/2) is the identity map, if we iden-
tify C∞c (G, |TG|1/2) with its image in C∞prop(GFN , |TGN |1/2) by the map π∗G
induced by the projection πG : GFN → G. Passing to the completions, we
will get a homomorphism
πE : C
∗
E(G)→ C∗r (G)
where C∗E(G) is the closure of RE(C
∞
c (G), |TG|1/2) in the uniform operator
topology of L(L2(M,E)) and C∗r (G) is the reduced C∗-algebra of G. By
[24], this homomorphism is surjective, but, in general, is not injective. It
is injective for any E if the groupoid G is amenable (cf., for instance, [24]
and also [1]). Therefore, if G is not amenable, we cannot expect that σ¯ is
injective.
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3.3. The residue trace and zeta-functions. There is an analogue of
the Wodzicki-Guillemin residue trace for operators from Ψm,−∞(M,F , E)
[37], which is defined as follows. First, note that it suffices to define the
residue trace for elementary operators of class Ψm,−∞(M,F , E). For P ∈
Ψm,−∞(In, Ip,Cr), define the residue form ρP as
ρP =
(∫
|η|=1
Tr k−q(x, x, y, η) dη
)
|dxdy|,
and the residue trace τ(P ) as
τ(P ) = (2π)−q
∫
|η|=1
Tr k−q(x, x, y, η) dxdydη,
where k−q is the homogeneous of degree −q component of the complete
symbol k of P .
For any P ∈ Ψm,−∞(M,F , E), its residue form ρP is a well-defined density
on M , and the residue trace τ(P ) is obtained by the integration of ρP over
M :
τ(P ) = (2π)−q
∫
M
ρP .
Definition 3.11. A pseudodifferential operator P ∈ Ψm(M,E) is called
transversally elliptic, if its transversal principal symbol σP (ν) is invertible
for any ν ∈ N˜∗F .
Theorem 3.12 ([37]). Let A ∈ Ψm(M,E) be a transversally elliptic oper-
ator with a positive transversal principal symbol. Suppose that the operator
A, considered as an unbounded operator in the Hilbert space L2(M,E), is
essentially self-adjoint on the initial domain C∞(M,E), and its closure is
an invertible and positive operator.
For any Q ∈ Ψl,−∞(M,F , E), l ∈ Z, the function z 7→ tr(QA−z) is holo-
morphic for Re z > l + q/m and admits a (unique) meromorphic extension
to C with at most simple poles at zk = k/m with integer k ≤ l + q. Its
residue at the point z = zk equals
res
z=zk
tr(QA−z) = qτ(QA−k/m).
One can easily derive from Theorem 3.12 a Weyl type asymptotic formula
for the distributional spectrum distribution function of a positive transver-
sally elliptic operator with a positive transversal principal symbol, as well
as an asymptotic expansion for its distributional heat trace.
Problem 3.13. To extend Theorem 3.12 to the case when the symbol of
Q ∈ Ψ¯0,−∞(M,F , E) (which belongs to C∞(GFN ,L(π∗E) ⊗ |TGN |1/2)) is
not properly supported.
One can expect that this result holds in the case when the symbol of
Q is exponentially decreasing at infinity. If this is the case, this fact can
be considered as a sort of quantum ergodic theorem for foliations, and the
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rate of the exponential decay could be related with a version of (tangential)
entropy of foliations.
3.4. Adiabatic limits and noncommutative Weyl formula. Let (M,F)
be a closed foliated manifold, dimM = n, dimF = p, p + q = n, endowed
with a Riemannian metric gM . Then we have a decomposition of the tan-
gent bundle to M into a direct sum TM = F ⊕ H, where F = TF is the
tangent bundle to F and H = F⊥ is the orthogonal complement of F , and
the corresponding decomposition of the metric: gM = gF + gH . Define a
one-parameter family gh of Riemannian metrics on M by
(9) gh = gF + h
−2gH , 0 < h ≤ 1.
For any h > 0, consider the Laplace operator ∆h on differential forms de-
fined by the metric gh. It is a self-adjoint, elliptic, differential operator with
the positive, scalar principal symbol in the Hilbert space L2(M,ΛT ∗M,gh)
of square integrable differential forms on M , endowed with the inner prod-
uct induced by gh, which has discrete spectrum. In [38], the asymptotic
behavior of the trace of f(∆h) when h → 0 was studied for any f ∈ S(R).
Such asymptotic limits are called adiabatic limits after Witten.
It turns out that this asymptotic spectral problem can be considered as a
semiclassical spectral problem for a Schro¨dinger operator on the leaf space
M/F , and the resulting asymptotic formula for the trace of f(∆h) can be
written in the form of the semiclassical Weyl formula for a Schro¨dinger
operator on a compact Riemannian manifold, if we replace the classical
objects entering to this formula by their noncommutative analogues.
To demonstrate this, first, transfer the operators ∆h to the fixed Hilbert
space L2(M,ΛT ∗M) = L2(M,ΛT ∗M,gM ), using an isomorphism Θh from
L2(M,ΛT ∗M,gh) to L
2(M,ΛT ∗M) defined as follows. With respect to a
bigrading on ΛT ∗M given by
ΛkT ∗M =
k⊕
i=0
Λi,k−iT ∗M, Λi,jT ∗M = ΛiF ∗ ⊗ ΛjH∗,
we have
Θhu = h
ju, u ∈ L2(M,Λi,jT ∗M,gh).
The operator ∆h in L
2(M,ΛT ∗M,gh) corresponds under the isometry Θh
to the operator Lh = Θh∆hΘ
−1
h in L
2(M,ΛT ∗M).
With respect to the bigrading of ΛT ∗M , the de Rham differential d can
be written as
d = dF + dH + θ,
where
(1) dF = d0,1 : C
∞(M,Λi,jT ∗M) → C∞(M,Λi,j+1T ∗M) is the tangen-
tial de Rham differential, which is a first order tangentially elliptic
operator, independent of the choice of gM ;
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(2) dH = d1,0 : C
∞(M,Λi,jT ∗M)→ C∞(M,Λi+1,jT ∗M) is the transver-
sal de Rham differential, which is a first order transversally elliptic
operator;
(3) θ = d2,−1 : C
∞(M,Λi,jT ∗M) → C∞(M,Λi+2,j−1T ∗M) is a zero
order differential operator.
In the case when F is a Riemannian foliation and gM is a bundle-like
metric, one can show that the leading term in the asymptotic expansion of
the trace of f(∆h) or, that is the same, of the trace of f(Lh) as h → 0
coincides with the leading term in the asymptotic expansion of the trace of
f(L¯h) as h→ 0, where
L¯h = ∆F + h
2∆H ,
∆F = dF d
∗
F + d
∗
F dF is the tangential Laplacian and ∆H = dHd
∗
H + d
∗
HdH is
the transverse Laplacian.
Now observe that the operator L¯h has the form of a Schro¨dinger operator
on the leaf space M/F , where ∆H plays a role of the Laplace operator, and
∆F a role of the operator-valued potential on M/F .
Recall that in the case of a Schro¨dinger operator Hh on a compact Rie-
mannian manifold X with a matrix-valued potential V ∈ C∞(X,L(E)),
where E is a finite-dimensional Euclidean space and V (x)∗ = V (x):
Hh = −h2∆+ V (x), x ∈ X,
the corresponding asymptotic formula (the semiclassical Weyl formula) has
the following form:
tr f(Hh) = (2π)
−nh−n
∫
T ∗X
Tr f(p(x, ξ)) dx dξ + o(h−n), h→ 0+,
where p ∈ C∞(T ∗X,L(E)) is the principal h-symbol of Hh:
p(x, ξ) = |ξ|2 + V (x), (x, ξ) ∈ T ∗X.
Now let us show how the asymptotic formula for the trace of f(∆h) in
the adiabatic limit can be written in a similar form, using noncommu-
tative geometry. First, we define the principal h-symbol of ∆h. Denote
by gN the Riemannian metric on N
∗F induced by the Riemannian metric
on M . The principal h-symbol of ∆h is a tangentially elliptic operator in
C∞(N∗F , π∗ΛT ∗M) given by
σh(∆h) = ∆FN + gN ,
where ∆FN is the lift of the tangential Laplacian ∆F to a tangentially elliptic
(relative to FN ) operator ∆FN in C∞(N∗F , π∗ΛT ∗M), and gN denotes the
multiplication operator by gN ∈ C∞(N∗F). (Observe that gN coincides
with the transversal principal symbol of ∆H .)
We will consider σh(∆h) as a family of elliptic operators along the leaves
of the foliation FN . For any function f ∈ C∞c (R), the operator f(σh(∆h))
belongs to the twisted foliation C∗-algebra C∗(N∗F ,FN , π∗ΛT ∗M), which
is the noncommutative analogue of continuous differential forms on the leaf
space N∗F/FN , the cotangent bundle to M/F .
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Then we replace the usual integration over T ∗X and the matrix trace Tr
by the integration in the sense of the noncommutative integration theory
given by the trace trFN on the twisted foliation C
∗-algebra, which is defined
by the canonical transverse Liouville measure for the symplectic foliation
FN . One can show that the value of this trace on f(σh(∆h)) is finite.
Theorem 3.14 ([38]). For any f ∈ C∞c (R), the asymptotic formula holds:
(10) tr f(∆h) = (2π)
−qh−q trFN f(σh(∆h)) + o(h
−q), h→ 0.
Observe that the formula (10) makes sense for an arbitrary, not necessarily
Riemannian, foliation. Therefore, it is quite reasonable to conjecture that
it holds in such generality.
Conjecture 3.15. Let F be an arbitrary foliation on a compact Riemann-
ian manifold. In the above notation, for any function f ∈ C∞c (R), the
asymptotic formula holds:
tr f(∆F + h
2∆H) = (2π)
−qh−q trFN f(∆FN + gN ) + o(h
−q), h→ 0.
To extend the above conjecture to the Laplace operator onM , we can try
to use the corresponding signature operators.
Conjecture 3.16. Let F be an arbitrary foliation on a compact Riemannian
manifold. For any even function f ∈ C∞c (R), the asymptotic formula holds:
tr f(DF + hDH) = (2π)
−qh−q trFN f(DFN + σ(DH)) + o(h
−q), h→ 0,
where DF = dF + d
∗
F is the leafwise signature operator on M , DFN is
the correspodning leafwise (relative to FN ) signature operator on N∗F ,
DH = dH + d
∗
H is the transverse signature operator on M , σ(DH) is the
transverse principal symbol of DH (considered as a multiplication operator
on N∗F).
4. Transverse dynamics
4.1. Transverse Hamiltonian flows. In this Section, we will discuss clas-
sical dynamical systems on the leaf space of a foliation. To give their defi-
nition, we will proceed as in Section 2.3. We start with a dynamical system
on the cotangent bundle to the total manifold, satisfying some symmetry
assumptions (like holonomy invariance relative to the foliation), and try to
construct the corresponding dynamical system on the cotangent bundle to
the base. This construction can be also considered as a particular case of the
foliation reduction in symplectic geometry (see [39]). Since, in our case, the
base is, in general, a singular object, we pass eventually to the corresponding
operator algebras.
Let (M,F) be a compact foliated manifold, and let p be a homogeneous
of degree one function defined in some conic neighborhood of N˜∗F in T˜ ∗M
such that its restriction to N˜∗F is constant along the leaves of FN . Take any
function p˜ ∈ S1(T˜ ∗M), which coincides with p in some conic neighborhood
of N˜∗F . Denote by Xp˜ the Hamiltonian vector field on T ∗M with the
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Hamiltonian p˜. For any ν ∈ N˜∗F , the vector Xp˜(ν) is tangent to N˜∗F .
Therefore, the Hamiltonian flow f˜t with the Hamiltonian p˜ preserves N˜
∗F .
Denote by ft its restriction to N
∗F . One can show that the vector field Xp˜
on N˜∗F is an infinitesimal transformation of the foliation FN , and, therefore,
the flow ft preserves the foliation FN .
It follows from the fact that Xp˜ is an infinitesimal transformation of FN
that there exists a unique vector field Hp on GFN such that dsN (Hp) = Xp˜
and drN (Hp) = Xp˜. Let Ft be the flow on GFN defined by Hp. Then
sN ◦ Ft = ft ◦ sN , rN ◦ Ft = ft ◦ rN and the flow Ft preserves GN .
Definition 4.1. The transverse Hamiltonian flow of p is the one-parameter
group F ∗t of automorphisms of the involutive algebra C
∞
prop(GFN , |TGN |1/2),
induced by the action of Ft.
This definition can be easily seen to be independent of the choice of p˜.
4.2. Egorov theorem for transversally elliptic operators. Let (M,F)
be a compact foliated manifold, E a Hermitian vector bundle on M and
D ∈ Ψ1(M,E) a self-adjoint transversally elliptic operator in L2(M,E).
Suppose that D2 has the scalar principal symbol and the holonomy invariant
transversal principal symbol. By the spectral theorem, the operator 〈D〉 =
(D2+ I)1/2 defines a strongly continuous group eit〈D〉 of bounded operators
in L2(M,E). Consider the one-parameter group Φt of ∗-automorphisms of
the algebra L(L2(M,E)) defined as
Φt(T ) = e
it〈D〉Te−it〈D〉, T ∈ L(L2(M,E)).
Let a2 ∈ S2(T˜ ∗M) be the principal symbol of D2 and let F ∗t be the
transverse Hamiltonian flow on C∞prop(GFN , |TGN |1/2) associated with
√
a2.
Any scalar operator P ∈ Ψm(M), acting on half-densities, has the sub-
principal symbol, which is a globally defined, homogeneous of degree m− 1,
smooth function on T ∗M \ 0, given in local coordinates by
(11) psub = pm−1 − 1
2i
n∑
j=1
∂2pm
∂xj∂ξj
.
Note that psub = 0, if P is a real self-adjoint differential operator of even
order.
Theorem 4.2 ([39]). Let D ∈ Ψ1(M,E) be a self-adjoint transversally ellip-
tic operator in L2(M,E) such that D2 has the scalar principal symbol and the
holonomy invariant transversal principal symbol. Let K ∈ Ψm,−∞(M,F , E).
(1) There is a K(t) ∈ Ψm,−∞(M,F , E) such that, for any s and r, the
family 〈D〉r(Φt(K) − K(t))〈D〉−s, t ∈ R, is a smooth family of trace class
operators in L2(M,E).
(2) If, in addition, E is the trivial line bundle, the subprincipal symbol
of D2 vanishes, and k ∈ Sm(GFN , |TGN |1/2) is the principal symbol of K,
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then the principal symbol k(t) ∈ Sm(GFN , |TGN |1/2) of K(t) is given by
k(t) = F ∗t (k).
Problem 4.3. To extend the second statement of Theorem 4.2 to the case
when E is an arbitrary vector bundle.
4.3. Noncommutative dynamical entropy. In this section we raise a
question, which is very interesting and highly nontrivial even in the case of
compact Riemannian manifold.
So we start with a compact Riemannian manifold (M,g). Recall that
Ψ¯0(M) denotes the closure of the algebra Ψ0(M) in the uniform oper-
ator topology in L(L2(M)). Consider the one-parameter group Φt of ∗-
automorphisms of the C∗-algebra Ψ¯0(M) defined as
Φt(T ) = e
it
√
∆gTe−it
√
∆g , T ∈ Ψ¯0(M),
where ∆g is the Laplace operator associated with g. Let Ft denote the
geodesic flow on the cosphere bundle S∗M and F ∗t the induced action on
C(S∗M). By the classical Egorov theorem, Theorem 1.7, we have the com-
mutative diagram
Ψ¯0(M)
Φt−−−−→ Ψ¯0(M)
σ¯
y yσ¯
C(S∗M)
F ∗t−−−−→ C(S∗M)
Problem 4.4. To define a quantum topological entropy h(Φt) of the non-
commutative geodesic flow Φt so that it is related with the classical topo-
logical entropy h(Ft) of the geodesic flow Ft.
Some very interesting recent results related to this question were obtained
by D. Kerr [35, 36].
Now we extend this conjecture to the foliation case.
Problem 4.5. In notation of Theorem 4.2, to define a (classical) topological
entropy h(F ∗) of the transverse geodesic flow F ∗t and a (quantum) topolog-
ical entropy h(Φ) of the noncommutative geodesic flow Φt so that there are
relations between these two notions of entropy.
4.4. Noncommutative symplectic geometry. Based on the ideas of the
deformation theory of Gerstenhaber [25], Xu [63] and Block and Getzler [4]
introduced an analogue of the Poisson bracket in noncommutative geometry.
Namely, they defined a Poisson structure on an algebra A as a Hochschild
2-cocycle P ∈ Z2(A,A) such that P ◦ P is a Hochschild 3-coboundary,
P ◦ P ∈ B3(A,A). In other words, a Poisson structure on A is given by a
linear map P : A⊗A→ A such that
(12) (δP )(a1, a2, a3) ≡ a1P (a2, a3)− P (a1a2, a3)
+ P (a1, a2a3)− P (a1, a2)a3 = 0,
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and there is a 2-cochain P1 : A⊗A→ A such that
(13) P ◦ P (a1, a2, a3) ≡ P (a1, P (a2, a3))− P (P (a1, a2), a3)
= a1P1(a2, a3)− P1(a1a2, a3) + P1(a1, a2a3)− P1(a1, a2)a3.
The identity (12) is an analogue of the Jacobi identity for a Poisson bracket,
and the identity (13) is an analogue of the Leibniz rule.
Block and Getzler [4] defined a Poisson structure on the operator algebra
C∞c (G, |TG|1/2) of a transversally symplectic foliation F in the case when
the normal bundle τ to F has a basic connection ∇ (recall that a basic
connection on τ is a holonomy invariant adapted connection), in particular,
when F is Riemannian. A natural example of a transversally symplectic
Riemannian foliation is given by the linearized foliation FN on the conormal
bundle N∗F to a Riemannian foliation F . So the construction of Block and
Getzler can be applied in this case, and we get a natural noncommutative
Poisson structure on C∞prop(GFN , |TGN |1/2).
Problem 4.6. To define the notion of noncommutative Hamiltonian flow
on a noncommutative algebra so that the transverse Hamiltonian flows on
C∞prop(GFN , |TGN |1/2) would be noncommutative Hamiltonian flows.
Problem 4.7. To construct (strict) deformation quantization of the algebra
C∞prop(GFN , |TGN |1/2) (in the sense of Rieffel [48, 49, 50, 51]).
We refer to [61, 43, 42, 10] for some results on quantization of the cotan-
gent bundle and to [57] for some recent results on deformation quantization
of symplectic groupoids.
4.5. Quantum ergodicity. It is well-known that there are relationships
between dynamical properties of the geodesic flow of a compact Riemann-
ian manifold (M,g) and asymptotic properties of the eigenvalues and the
eigenfunctions of the corresponding Laplace operator ∆g. This phenomenon
was first discovered in [53] (see also [12, 64]).
Theorem 4.8 ([53]). Let (M,g) be a compact Riemannian manifold. Let
λ1 ≤ λ2 ≤ λ3 ≤ · · · , λj → +∞ be the eigenvalues of the associated Lapla-
cian ∆g (counted with multiplicities) and ϕj ∈ C∞(M) the corresponding
orthonormal system of eigenfunctions:
∆gϕj = λjϕj .
Consider the spectrum distribution function
N(λ) = ♯{j :
√
λj ≤ λ}.
If the geodesic flow Gt on S
∗M is ergodic, then, for A ∈ Ψ0(M) with the
principal symbol σA:
lim
λ→+∞
1
N(λ)
∑
√
λj≤λ
(Aϕj , ϕj) =
1
vol (S∗M)
∫
S∗M
σAdµ,
where dµ is the Liouville measure on S∗M .
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The corresponding semiclassical result is due to Helffer, Martinez and
Robert [32]. The development of these results led to the notions of quantum
ergodicity and quantum mixing (see, for instance, [56, 65, 66], and [67] for
a recent survey) and belongs to a very active field of current research in
spectral theory of differential operators and mathematical physics called
quantum chaos.
In Section 3.4, we have seen that adiabatic limits for the spectrum of
the Laplace operator on a Riemannian foliated manifold can be naturally
considered as semiclassical spectral problems on the leaf space of the fo-
liation. Therefore, the following problem is quite natural and its solution
would provide a natural generalization of the results mentioned above to
this setting.
Problem 4.9. To relate dynamical properties of the transverse geodesic flow
of a Riemannian foliation on a compact manifold and asymptotic properties
of the eigenvalues and eigenfunctions of the corresponding Laplacian in the
adiabatic limit.
5. Transverse Riemannian geometry
5.1. Spectral triples. According to [17, 21, 18], the initial datum of non-
commutative differential geometry is a spectral triple (or an unbounded
Fredholm module).
Definition 5.1. A spectral triple (A,H,D) consists of an involutive alge-
bra A, a Hilbert space H equipped with a ∗-representation of A (we will
identify an element a ∈ A with the corresponding operator in H), and an
(unbounded) self-adjoint operator D in H such that
1. for any a ∈ A, the operator a(D − i)−1 is a compact operator in H;
2. for any a ∈ A, the operator [D, a] is bounded in H.
A spectral triple is supposed to contain the basic geometric information
on Riemannian geometry of the corresponding geometrical object. In partic-
ular, the operator D can be considered as an analog of Riemannian metric.
We will consider two basic examples of spectral triples:
5.1.1. Spectral triples associated with compact Riemannian manifolds. The
classical Riemannian geometry is described by the spectral triple (A,H,D)
associated with a compact Riemannian manifold (M,g):
(1) A is the algebra C∞(M) of smooth functions on M ;
(2) H is the space L2(M,Λ∗T ∗M) of differential L2-forms on M , on
which the algebra A acts by multiplication;
(3) D is the signature operator d+ d∗.
5.1.2. Spectral triples associated with Riemannian foliations [37, 39]. Let
(M,F) be a compact foliated manifold. Assume that F is Riemannian,
and take a bundle-like metric gM on M . Let H = F
⊥ be the orthogonal
complement of F = TF with respect to gM . Let:
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(1) A = C∞c (G);
(2) H is the Hilbert space L2(M,Λ∗H∗) of transverse differential forms;
(3) D is the transverse signature operator dH + d
∗
H .
More generally, we will consider spectral triples associated with transver-
sally elliptic operators, acting in sections of a holonomy equivariant Hermit-
ian vector bundle E:
(T1) A = C∞c (G);
(T2) H is the Hilbert space L2(M,E) of L2 sections of E equipped with
the action of A given by RE ;
(T3) D is a first order self-adjoint transversally elliptic operator, acting in
C∞(M,E), with the holonomy invariant transversal principal symbol such
that D2 is self-adjoint and has the scalar principal symbol.
5.2. Smooth spectral triples. First, we will describe the noncommutative
analogue of a smooth structure on a topological manifold, the notion of
smooth subalgebra of a C∗-algebra, and explain why the operator algebra
C∞c (G, |TG|1/2) associated with a compact foliated manifold (M,F) consists
of smooth functions on the leaf space M/F in the noncommutative sense.
Suppose that A is a C∗-algebra and A+ is the algebra obtained by ad-
joining the unit to A. Suppose that A is a ∗-subalgebra of the algebra A
and A+ is the algebra obtained by adjoining the unit to A
Definition 5.2. We say that A is a smooth subalgebra of A, if:
(1) A is a dense ∗-subalgebra of A;
(2) A is stable under the holomorphic functional calculus, that is, for
any a ∈ A+ and for any function f , holomorphic in a neighborhood of the
spectrum of a (considered as an element of the algebra A+) f(a) ∈ A+.
Suppose that A is a dense ∗-subalgebra of a C∗-algebra A, endowed
with the structure of a Fre´chet algebra whose topology is finer than the
topology induced by the topology of A. By [54, Lemma 1.2]), A is a
smooth subalgebra of A if and only if A is spectral invariant, that is,
A+∩GL(A+) = GL(A+), where GL(A+) and GL(A+) denote the group of
invertibles in A+ and A+ respectively.
A spectral triple (A,H,D) determines a natural smooth subalgebra in
L(H). Let 〈D〉 = (D2 + I)1/2. Denote by δ the (unbounded) differentiation
on L(H) given by
(14) δ(T ) = [〈D〉, T ], T ∈ Dom δ ⊂ L(H).
We say that P ∈ OPα if and only if P 〈D〉−α ∈ ⋂nDom δn. In particular,
OP0 =
⋂
nDom δ
n. Then OP0 is a smooth subalgebra of L(H) (see, for
instance, [34, Theorem 1.2]).
Definition 5.3. [21, 18] We will say that a spectral triple (A,H,D) is
smooth (or QC∞ as in [9]), if, for any a ∈ A, we have the inclusions
a, [D, a] ∈ OP0.
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The fact that a spectral triple (A,H,D) is smooth means that A con-
sists of smooth functions on the corresponding geometric space in the sense
of noncommutative geometry. In particular, for the spectral triple associ-
ated with a compact Riemannian manifold M , OP0 ∩ C(M) coincides with
C∞(M) (observe that here one can take as A any involutive algebra, which
consists of Lipschitz functions and is dense in C(M)).
Let (A,H,D) be a smooth spectral triple. Denote by B the algebra gen-
erated by all elements of the form δn(a), where a ∈ A and n ∈ N. Thus, B
is the smallest subalgebra in OP0, which contains A and is invariant under
the action of δ.
Denote by OP00 the space of all P ∈ OP0 such that 〈D〉−1P and P 〈D〉−1
are compact operators in H. If the algebra A has unit, then OP00 = OP0.
By the definition of a spectral triple, A ⊂ OP00.
Definition 5.4. [39] We will say that a spectral triple (A,H,D) is QC∞0 ,
if it is smooth and the associated subalgebra B is contained in OP00.
This notion has a natural geometric interpretation. If the algebra A
has no unit, we can consider the corresponding noncommutative space as
a noncompact space. The fact that, for a ∈ A, the operator a(D − i)−1
is a compact operator in H means that a considered as a function on the
corresponding noncommutative space vanishes at infinity. The condition
B ⊂ OP00 means that the elements of A vanish at infinity along with all its
derivatives of arbitrary order.
Theorem 5.5. [39] Any spectral triple defined in (T1), (T2), (T3) is QC∞0 .
5.3. Dimension and dimension spectrum. As we have been mentioned
above, the dimension of a compact Riemannian manifold can be seen from
theWeyl asymptotic formula for the eigenvalues of the corresponding Laplace
(or the signature) operator (cf. (5)). This fact motivates the next definition.
For a compact operator T in a Hilbert space H, denote by µ1(T ) ≥
µ2(T ) ≥ . . . the singular numbers of T , that is, the eigenvalues of the
operator |T | = (T ∗T )1/2. Recall that the Schatten-von Neumann ideal
Lp(H), 1 ≤ p <∞, consists of all T ∈ K(H) such that
∞∑
n=1
µn(T )
p <∞.
The elements of L1(H) are called trace class operators. For any T ∈ L1(H),
its trace is defined as
trT =
∞∑
n=1
µn(T ).
Definition 5.6. A spectral triple (A,H,D) is called p-summable (or p-di-
mensional), if, for any a ∈ A, the operator a(D − i)−1 belongs to Lp(H).
A spectral triple (A,H,D) is called finite-dimensional, if it is p-summable
for some p.
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The greatest lower bound of all p’s, for which a finite-dimensional spectral
triple is p-summable, is called the dimension of the spectral triple.
The spectral triple associated with a compact Riemannian manifold (M,g)
is finite-dimensional, and the dimension of this spectral triple coincides with
the dimension of M .
The dimension of spectral triples associated with a Riemannian foliation
F is equal to the codimension of F .
If we are looking at a geometrical space as a union of pieces of different
dimensions, this notion of dimension of the corresponding spectral triple
gives only an upper bound on dimensions of various pieces. To take into
account lower dimensional pieces of the space under consideration, Connes
and Moscovici [21] suggested that the correct notion of dimension is given
not by a single real number d but by a subset Sd ⊂ C, which is called the
dimension spectrum.
Definition 5.7. [21, 18] A spectral triple (A,H,D) has the discrete dimen-
sion spectrum Sd ⊂ C, if Sd is a discrete subset in C, the triple is smooth,
and, for any b ∈ B, the distributional zeta-function ζb(z) of 〈D〉 given by
ζb(z) = tr b〈D〉−z ,
is defined in the half-plane {z ∈ C : Re z > d} and extends to a holomorphic
function on C\Sd such that the function Γ(z)ζb(z) is rapidly decreasing on
the vertical lines z = s+ it for any s with Re s > 0.
The dimension spectrum is said to be simple, if the singularities of ζb(z)
at z ∈ Sd are at most simple poles.
The spectral triple associated with a compact Riemannian manifold has
the discrete dimension spectrum, which is contained in {v ∈ N : v ≤ n =
dimM} and is simple.
Theorem 5.8 ([37]). A spectral triple given by (T1), (T2), (T3) has the
discrete dimension spectrum Sd, which is contained in {v ∈ N : v ≤ q =
codimF} and is simple.
5.4. The Dixmier trace and the Riemannian volume form. In [22],
Dixmier introduced a nonstandard trace Trω on the algebra L(H). Consider
the ideal L1+(H) in the algebra of compact operators K(H), which consists
of all T ∈ K(H) such that
sup
N∈N
1
lnN
N∑
n=1
µn(T ) <∞.
For any invariant mean ω on the amenable group of upper triangular 2× 2-
matrices, Dixmier constructed a linear form limω on the space ℓ
∞(N) of
bounded sequences, which coincides with the limit functional lim on the
subspace of convergent sequences. The trace Trω is defined for a positive
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operator T ∈ L1+(H) as
Trω(T ) = lim
ω
1
lnN
N∑
n=1
µn(T ).
This trace is non-normal and vanishes on the trace class operators.
Let M be a compact manifold and E a vector bundle on M . As shown
in [16] (cf. also [28]), any operator P ∈ Ψ−n(M,E) (n = dimM) belongs to
the ideal L1+(L2(M,E)), the Dixmier trace Trω(P ) does not depend on the
choice of ω and coincides with the value of the residue trace τ(P ): for any
invariant mean ω,
Trω(P ) = τ(P ).
For the spectral triple (A,H,D) associated with a compact Riemannian
manifold (M,g), the above results imply the formula
(15)
∫
M
f dx = c(n)Trω(f |D|−n), f ∈ A,
where c(n) = 2(n−[n/2])πn/2Γ(n2 +1) and dx denotes the Riemannian volume
form on M . Thus, the Dixmier trace Trω can be considered as a proper
noncommutative generalization of the integral.
A similar relation of the Dixmier trace Trω with the transverse Riemann-
ian volume form associated with a Riemannian foliation relies on the fol-
lowing conjecture, which precise formulation have been clarified after our
discussions with N. Azamov and F. Sukochev.
Conjecture 5.9. Let (M,F) be a compact foliated manifold and E a vec-
tor bundle on M . Any P ∈ Ψ−q,−∞(M,F , E) (q = codimF) belongs to
L1+(L2(M,E)), the Dixmier trace Trω(P ) does not depend on the choice of
ω and coincides with the value of the residue trace τ(P ).
From the other side, if we will consider the residue trace τ instead of
the Dixmier trace Trω as the noncommutative integral, we get the following
analog of the formula (15).
Proposition 5.10. Let (A,H,D) be the spectral triple associated with a
Riemannian foliation (M,F). For any k ∈ A, we have
(16) τ(RE(k)〈D〉−q) = q
Γ( q2 + 1)
∫
M
k(x) dx.
Here k(x) dx means the product of the restriction of k to M , which is a
leafwise density on M , and the transverse volume form of F . Observe that
the right hand side of (16) coincides (up to some multiple) with the value of
the von Neumann trace trF given by the transverse Riemannian volume of
F due to the noncommutative integration theory [14]:
trF (k) =
∫
M
k(x) dx, k ∈ C∞c (G, |TG|1/2).
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Recall that C∗E(G) denotes the closure of RE(C
∞
c (G, |TG|1/2)) in the uniform
operator topology of L(L2(M,E)), and πE : C∗E(G)→ C∗r (G) is the natural
projection. A remarkable observation related with the formula (16) is that
its right hand side as a functional on C∗E(G) depends only on πE(k). In
particular, for any k ∈ kerπE , we have
res
z=−q
tr(RE(k)〈D〉−z) = τ(RE(k)〈D〉−q) = 0.
One can interpret this fact in the following way. Let us think of an involutive
ideal I in C∗E(G) as a subset of our spectrally defined geometrical space.
Then if I ⊂ kerπE , its dimension is less than q.
5.5. Noncommutative pseudodifferential calculus. Noncommutative
pseudodifferential calculus for a smooth spectral triple over an unital algebra
A was introduced by Connes and Moscovici [21, 18]. Their definition was
extended to the non-unital case in [39].
Assume that (A,H,D) is a QC∞0 spectral triple. By the spectral theorem,
for any s ∈ R, the operator 〈D〉s = (D2 + I)s/2 is a well-defined positive
self-adjoint operator in H, which is unbounded for s > 0. For any s ≥ 0,
define by Hs the domain of 〈D〉s, and, for s < 0, put Hs = (H−s)∗. Let also
H∞ = ⋂s≥0Hs, H−∞ = (H∞)∗.
Definition 5.11. We say that an operator P in H−∞ belongs to the class
Ψ∗0(A), if it admits an asymptotic expansion:
P ∼
+∞∑
j=0
bq−j〈D〉q−j , bq−j ∈ B,
that means that, for any N ,
P − (bq〈D〉q + bq−1〈D〉q−1 + . . .+ b−N 〈D〉−N) ∈ OP−N−10 .
For the spectral triple (A,H,D) associated with a compact Riemannian
manifold (M,g), one can show that Hs = Hs(M,E) for any s and Ψ∗0(A) =
Ψ0(M).
Let (M,F) be a compact foliated manifold. Consider a spectral triple
(A,H,D) described by (T1), (T2), (T3). One can show thatHs(M,E) ⊂ Hs
for any s ≥ 0 and Hs ⊂ Hs(M,E) for any s < 0.
Definition 5.12. The class L1(H−∞,H∞) consists of all bounded operators
A in H∞ such that, for any real s and r, the operator 〈D〉rA〈D〉−s extends
to a trace class operator in L2(M,E).
The class L1(H−∞,H∞) is an involutive subalgebra in L(H), and any
operator with the smooth kernel belongs to L1(H−∞,H∞).
Proposition 5.13. (1) Any element b ∈ B can be written as
b = B + T, B ∈ Ψ0,−∞sc (M,F , E), T ∈ L1(H−∞,H∞).
(2) The algebra Ψ∗0(A) is contained in Ψ∗,−∞sc (M,F , E)+OP−N0 for any N .
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5.6. Noncommutative geodesic flow. The definitions of the unitary co-
tangent bundle and the noncommutative geodesic flow associated with a
QC∞0 spectral triple (A,H,D) are motivated by the relation (3) and the
Egorov theorem, Theorem 1.7.
Put C0 = OP00
⋂
Ψ∗0(A). Let C¯0 be the closure of C0 in L(H). For any
T ∈ L(H), define
(17) αt(T ) = e
it〈D〉Te−it〈D〉, t ∈ R.
Definition 5.14. [18, 39] The unitary cotangent bundle S∗A is defined as
the quotient of the C∗-algebra, generated by the union of all spaces of the
form αt(C¯0) with t ∈ R and K, by its ideal K.
Definition 5.15. [18, 39] The noncommutative geodesic flow is the one-
parameter group αt of automorphisms of the algebra S
∗A defined by (17).
As shown in [18], for the spectral triple (A,H,D) associated with a com-
pact Riemannian manifold (M,g), the unitary cotangent bundle S∗A is the
algebra C(S∗M) of continuous functions on the cosphere bundle S∗M and
the noncommutative geodesic flow on S∗A is induced by the restriction of
the geodesic flow to S∗M .
Theorem 4.2 allows to give a description of the noncommutative flow
defined by a spectral triple associated with a Riemannian foliation in the
case when E is the trivial line bundle (see [39]).
Theorem 5.16. Consider a spectral triple (A,H,D) defined in (T1), (T2),
(T3) when E is the trivial line bundle and the subprincipal symbol of D2 van-
ishes. There is a nontrivial ∗-homomorphism P : S∗A→ S¯0(GFN , |TGN |1/2)
such that the following diagram commutes:
S∗A αt−−−−→ S∗A
P
y yP
S¯0(GFN , |TGN |1/2)
F ∗t−−−−→ S¯0(GFN , |TGN |1/2)
Here F ∗t is the transverse Hamiltonian flow on C
∞
prop(GFN , |TGN |1/2) asso-
ciated with
√
a2, where a2 ∈ S2(T˜ ∗M) is the principal symbol of D2.
An extension of this theorem to the case of an arbitrary vector bundle
E is directly related with an answer to Problem 4.3. The ∗-homomorphism
P is essentially induced by the principal symbol map σ¯. Therefore, a more
precise information on injectivity and surjectivity properties of P depends
on answers to Questions 3.9 and 3.10.
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